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Abstract 

In a recent work |T]|2l Sjoberg remarked that generalization of the double reduction theory to partial 
differential equations of higher dimensions is still an open problem. In this note we have attempted to 
provide this generalization to find invariant solution for a non linear system of qth order partial differential 
equations with n independent and m dependent variables provided that the non linear system of partial 
differential equations admits a nontrivial conserved form which has at least one associated symmetry in 
every reduction. In order to give an application of the procedure we apply it to the nonlinear (2+1) wave 
equation for arbitrary function f{u) and g(w). 
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1 Introduction 

Applying a Lie point or Lie-Backlund symmetry generator to a conserved vector provide either (1) Con- 
servation law associated with that symmetry or (2) Conservation law that may be trivial, known already or 
new. A pioneering work in this direction was published by Kara et. al [5^^. Sjoberg later showed that 
|[Tl|2l when the generated conserved vector is null, i.e. the symmetry is associated with the conserved vector 
(association defined as in Q), a double reduction is possible for PDEs with two independent variables. In 
this double reduction the PDE of order q is reduced to an ODE of order {q— 1). Thus the use of one sym- 
metry associated with a conservation law leads to two reductions, the first being a reduction of the number 
of independent variables and the second being a reduction of the order of the DE. Sjoberg also constructed 
the reduction formula for PDEs with two independent variables which transform the conserved form of the 
PDE to a reduced conserved form via an associated symmetry. Application of this method to the linear heat, 
the REM and the sine-Gordon equation and a system of differential equations from one dimensional gas 
dynamics are given |[T|. The double reduction theory says that a PDE of order q with two independent and 
m dependent variables, which admits a nontrivial conserved form that has at least one associated symmetry 
can be reduced to an ODE of order [q— 1 ) . 

In her papers fl] [2 1 Sjoberg opines that generalizing the double reduction theory to PDEs of higher dimen- 
sions is still an open problem and it is not clear how to overcome the problem when not all derivatives of 
non-local variables are known explicitly. Further calculations for higher dimensions are quite tedious and 
cumbersome. There do not exist enough examples of potential symmetries and symmetries with associated 
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conservation laws for higher dimensional PDEs so that the complexity of this problem can be demonstrated. 
And much work is needed to generalize (if possible) the theory to PDEs with more than two independent 
variables. 

In this article we discuss a generalization of the double reduction theory with n independent variables by 
showing that a non linear system of ^th order PDEs with n independent and m dependent variables, which 
admits a nontrivial conserved form that has at least one associated symmetry in every reduction from the n 
reductions(the first step of double reduction) can be reduced to a non linear system of {q — l)th order ODEs. 
In order to solve this we use two main steps: (a) Generahze the reduction formula of Sjoberg in m from 
two independent variable to n independent variables and (b) prove that the conserved form of PDEs with n 
independent variables can be transformed to a reduced conserved form via an associated symmetry. Finally 
we apply the generalized double reduction to the nonlinear (2+1) wave equation for arbitrary function f{u) 
and g{u) to obtain invariant solution. 



2 The Fundamental Theorem of double reduction 

Consider the ^th-order system of partial differential equations (PDEs) of n independent variables x — 
(jc' ,jc^, and m dependent variables u — {u^ ,u^ , ...,u"^) 

£'"(.x,M,M(i-), ...,M((^)) = 0, a — l,...,m, (2.1) 

where M(j),M(2)j •■•^"(i?) denote the collections of all first, second,..., q th-order partial derivatives, i.e., u" = 
Di{u"),ufj = Z)j,Di(M"),.. .respectively, with the total differentiation operator with respect to x' given by 



A-^ + «faf^ + «,'5a|. + -, i^l,-,n, (2.2) 



X = ^'^ + il"J;^ ^',i?"eA, (2.3) 



in which the summation convention is used. 
The following definitions are well-known (see, e.g. |[3]|4l|5]). 

The Lie-Bdcklund operator is 

" I? + " 7^ 

where A is the space of differential functions. The operator ( 12.3b is an abbreviated form of the infinite formal 
sum 

^ = ^'d7 + ^"d^ + ^, C,v2...i, a^TT— , (2.4) 

s>l I {12- ■ -is 

where the additional coefficients are determined uniquely by the prolongation formulae, 



C«.,^=D,...D,(W«) + ^4^,...., .>1, 



(2.5) 



in which W" is the Lie characteristic function, 

= 7]" -^hij. (2.6) 
The n-tupie vector r = (r',r2,...,r''), r> eA,./ = 1,... ,n is a conserved vector of (12.1b if T' satisfies 

A-r 1(2.1)= 0. (2.7) 
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A Lie-Backlund symmetry generator X of the form (I2.4l l is associated with a conserved vector T of the 
system (12. Il l if X and T satisfy the relations 



[r,X] = X{T') + TDk{^><) - T<<Dk{^') =0, / = !,...,«. 



(2.8) 



Theorem 2.1 |I3]P1 Suppose thatX is any Lie-Backlund symmeti-y of (12. Il l and 
= are the components of conserved vector of (12. 11 1. Then 

=[T\X]^X{T') + rDjE,^ -T^DjE,', (2.9) 

constitute the components of a conserved vector of ( 12. Il l ,i e. 

Ar*'ll2ll=0 

Theorem 2.2 |7| Suppose = is a conservation law of PDE system ( 12.11 ). Under the contact trans- 
formation, there exist functions f ' such that J 0,7' = DiT' where T' is given explicitly in terms of the 
determinant obtained through replacing the ith row of the Jacobian determinant by [r^, T^, T"], where 



Dixi DiX2 
D2X1 D2X2 

bnX\ D„X2 



DiXn 

D2X„ 



(2.10) 



Theorem 2.3 Suppose DiT' = is a conservation law of PDE system (12.1b . Under the contact transforma- 
tion, there exist functions T' such that J DiT' — DiT' where T' is given explicitly in terms of 



(2.11) 



/ f \ 




























\ f" / 




\ T" ) 




\ T" ) 




\ f" J 



where 



A = 



( bxXx bxX2 
D2X1 b2X2 



b\x„ \ 

b2Xn 



( D\x\ D\X2 
D2X\ D2X2 



\ bnX\ bnX2 ... 



D\x„ \ 
D2X„ 



(2.12) 



V DnXi D„X2 ... D„x„ / 



and J = det{A). 
Proof : 



Using theorem 2.2 we can write 





Ti 


T2 . 


. T„ 






b2xi . 


. b„xi 




b2Xi 


^2X2 . 


. b2Xn 


1 

~ 7 


JT2 


b2X2 . 


. b„x2 




b„xi 


b„X2 ■ 


DfiXfi 




JT„ 


b2x„ . 


DfiXfi 




bixi 


b\X2 . 


■ bix„ 




b\xi 


JTi . 


. b„xi 






T2 . 


■ T„ 


1 
7 


biX2 


JT2 . 


. b„x2 




b„x\ 


b„x2 . 






blXn 


JT„ . 


D]jX]^ 



(2.13) 



(2.14) 
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Dixi DiX2 ... Dix„ 

D2X1 D2X2 ... D2X„ 



DiX] 1)2X1 ... J T\ 
D1X2 D2X2 ... / T2 

DiXn D2X„ ... JTn 



Since 



D\X\ b\X2 ... b\Xn 
D2XI D2X2 ... D2X„ 

D„xi D„X2 ... D„x„ 

fl t2 



DiXl D2X1 ... DnXl 

D\X2 D2X2 ... D„X2 

b\.Xn b2Xn ... b„X„ 



one can use the Cramer's rule to find that f ,f , . . . ,T" can be written as follows: 



\ JT" J 



t2 



Lastly, one can easily see that 



=1. 



(2.15) 



(2.16) 



(2.17) 



(2.18) 



Lemma 2.1 

Consider n independent variables x = {x^ ,x^,...,xf^) , m dependent variables u = (m\m^,. ..,«'") and the 
change of independent variables f = {x^,x^,...,f), then any vector /(x,m, Mi) = (/\/^, •••,/") must satisfy 
the following identity 



b2 b2 

bn b„ 

where 



b2 

bn 



( .r .f ■■■ .r \ 
f f ■■■ /" 



V f f ••• /" / 



Di Di ... Di 
D2 D2 ... D2 

D„ Dn ... Dn 



( biXi biX2 ... biXn \ 
b2X\ b2X2 ... b2X„ 

\ b„Xi b„X2 ... b„Xn I 



( f f 



f" \ 

r 



f" I 

(2.19) 



(2.20) 



Proof : 



Since 



then 



biS^ = biXkDkfj, i, j=l,..n, 



( D,f' ... Dif" \ 

b2f b2f ... b2f" 

V bnf bnf ... bnf" J 



= A 



D2f D2f 



... Dif" \ 
... £»2/" 



V D„f Dnf ... Dnf" J 



(2.21) 



(2.22) 
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Theorem 2.4 (Fundamental Theorem of double reduction). 

Suppose DiT' = is a conservation law of PDE system ( 12. 11 1. Under the similarity transformation of a 
symmetry X of the form ( |2.4| i for the PDE, there exist functions T' such that X is still a symmetry for the 
PDEAf =Oand 



--J{A 



-l\T 



V xT" J 



where 



/ Dixi D\X2 
D2X1 D2X2 



Dix„ \ 
D2X„ 



1-1 



/ [T\X] \ 
[T\X] 



V IT'\X] J 



( D\x\ D\X2 
D2X1 D2X2 



\ bnXi bnX2 ■■■ DnXn J 



D\x„ \ 
D2X„ 



\ DnXi DnX2 ■■■ DnXn J 



and J = det{A). 
Proof : 

By the above theorem there exist functions t' such that / D,T' = D,?' and 



/ f 1 \ 

j2 \ 



:7(A-1) 



UT 



V T" ) 



j2 



\ f" J 



Then X is a symmetry for the PDE 5, f ' = 0, because X (J) DiT' +JX{DiT')^X [DiP) and 



/ XP \ 

xP 



= y(A-') 



V xP' J 

Since J = det{A), then 



/ XP \ 

xP 



\ XT" I 



-JX{{A 



X{J). 



D2X\ D2X2 

D„xi D„X2 



D2X„ 



D\xi D\X2 

D2^' 52<^2 



j2 



\ T" j 



D\Xn 
b2^" 



-X{J)iA- 



-l\T 



j2 



Dixi D\X2 
D2X1 D2X2 

b„^' b„^^ 



D„x\ D„X2 ... D„x„ 
Let denote the cof actor of Z),(^ ' , then it is the cof actor of DjXj for the matrix A. Thus 

X{J)=D,^j Oj=Dk^J biXk i;,j=Dk^' 8jk J. 
Since DiXi^ Qj = 5jk J for every fixed j where 5jk is the Kronecker delta, then 

X{J)=J{D,^'+D2e + -+D„^") 



(2.23) 



(2.24) 



(2.25) 



(2.26) 



D\x„ 

b2Xn 
bn^" 

(2.27) 



(2.28) 



(2.29) 
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Now using the previous lemma one gets, 



D2 D2 



Di 
D„ 



£'2 £>2 



D„ 



Now transposing both sides gives. 



J 

(2.30) 



(2.31) 



Since A^(A-i)^ =/,thenX(A^)(A-i)^+A^X((A-i)^) ==0, thus 

X{{A-^Y) = -(A^)-iX(A^)(A-i)^ = -(A-i)^X(A^)(A^)-i 



-(A-i)^ 



(2.32) 



Lastly we get the result 

-1 



/ XT' \ 

Xt^ 



\ XT" J 



-l\T 



= y(A-') 



( ( XT' \ ( Di<^i D2^' 

XT^ Di<^2 D2<^2 

V V XT" ) \ Di^" D2^" 



\ 








\ 












1 


\T" j 




\ T" ) 


J 



(2.33) 



Corollary 2.1 (The necessary and sufficient condition to get reduced conserved form) 

The conserved form = of PDE system ( 12. Il l can be reduced under the similarity transformation of a 

symmetry X to a reduced conserved form Dif' = if and only if X is associated with the conservation law 

r,i.e. M|gjj=o. 

Corollary 2.2 (The generalized double reduction theory) 

A non linear system of q th order PDEs with n independent and m dependent variables, which admits a 
nontrivial conserved form that has at least one associated symmetry in every reduction from the n reductions 
(the first step of double reduction) can be reduced to a non linear system {q — l)th order of ODEs . 

Corollary 2.3 (The inherited symmetries) 

Any symmetry Y for the conserved form D,T' = of PDE system ( 12. Il l can be transformed under the simi- 
larity transformation of a symmetry X for the PDE to the symmetry Y for the PDE 5,f ' = 0. 



Remark: 

There is a possibility to get an associated symmetry with a reduced conserved form by inhering of the non 



6 



associated symmetry with the original conserved form. So there is an important useful of the non associated 
symmetry also in Double reduction. 

Finally we conjecture that the reduction under a combination of an associated and a non associated sym- 
metries will give us two PDE one of them is a reduced conserved form and the second is a non reduced 
conserved form, we can sperate them via the condition X{DiT') = such that the solution of a reduced 
conserved form is also a solution of the non reduced conserved form. 



3 Application of the generalized double reduction theory to nonlin- 
ear (2 + 1) wave equation 

The nonlinear (2 + 1) wave equation for arbitrary function /(«) and g{u) 

Utt-{f{u)Ux)x-{g{u)Uy)y=Q, (3.1) 

has the the obvious conservation law 

T = {-u,J{u)ux,g{u)uy). (3.2) 
And admits the following four symmetries: 

Y d Y d 

We can get a reduced conserved form for the PDE by the associated symmetry which satisfies the following 
formula 

/ P \ / A^' D,^' Dy^' \ / T' 

xi p - A<^" Dy^' r 
\Ty J V D,^y D,^y Oy^y J \ r> 

+{D,^'+D,^^+Dy^y) 1^ j =0. 

Then the only associated symmetries are Xi,X2 and X3, so we can get a reduced conserved form by the 
combination of them X — ^ +ci-^+C2-^, where the generator X has a canonical form X — when 

dt dx dy du dr ds dq dw 

T~c7~c^~"o"~"o"~"o"~T~"o"' 

or 

r = y — C2t, s=x — cit, q = t, w{r,s)=u. (3.6) 
Using the following formula, we can get the reduced conserved form 

= J{A-'f It"], (3.7) 

fq J \ xy 



(3.4) 
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where 

/ Dtr DfS D,q 

A-i= D^r D^s D^q |, J = det{A). (3.8) 

\ DyV DyS Dyq 

Then the reduced conserved form is 

DrT' +0^' =Q, (3.9) 

where 

r = C2^Wr + C2C\Ws - g(w)Wr, 

T' = CiC2Wr + c\Ws-f{w)Ws, (3.10) 

T'' = —CjWr — C\Ws. 



The reduced conserved form admits the inherited symmetry: 



^^ = rl+sl, (3.11) 



Similarly we can get a reduced conserved form for the PDE by the associated symmetry which satisfies the 
following formula 



X 



+iDr^'- + D,^^)( 1=0. 



(3.12) 

Uo. 



One can see that X4 is an associated symmetry, so we can get a reduced conserved form by Y — 
where the generator Y has a canonical form Y = when 



dr ds dw dn dm dv 



(3.13) 



or 

n=f, m — Inr, v{n)=w. (3.14) 
So by using the following formula, we can get the reduced conserved form 

1 \ ^, .-UT I i 



where 



jn. , -JiA-'Y ( ), (3.15) 



A-' = { ^r!" l'" ). J = dem. (3.16) 



Then the reduced conserved form is: 
where 



D„T" = Q, (3.17) 



T" = v„(-C2V + 2c2Cin + n^g{v) - ci^ +/(v)), 
7"" = -v„{-cln + C2Ci +ng{v)). 

The second step of double reduction can be given as 



(3.18) 



v„(-C2 V + 2c2Cin + n'g{v) - c,' + /(v)) = C, (3.19) 



where C is a constant, n — ^-44 and v = u. 

y-C2t 



8 



4 Conclusion 



We have shown that the double reduction theory is still true in general case. This shows that one can 
obtain the invariant solution for a non linear system of PDEs by this procedure from the association of the 
symmetry with its conserved form via the new generalized formula ( 12. 7 7 1 ). 
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